Abstract. Matching of the quasi parton distribution functions between continuum and lattice is addressed using lattice perturbation theory specifically with Wilson-type fermions. The matching is done for nonlocal quark bilinear operators with a straight Wilson line in a spatial direction. We also investigate operator mixing in the renormalization and possible O(a) operators for the nonlocal operators based on a symmetry argument on lattice.
Introduction
Understanding the internal structure of nucleons through quantum chromodynamics (QCD) gives phenomenological implications to high-energy physics and astrophysics. Especially, determination of parton distribution functions (PDFs) is significantly essential to bridge energy scales between the fundamental degree of freedom, quarks and gluons, and the hadrons, such as pions and protons. In studying high energy scattering processes, one of the key concepts is the "QCD collinear factorization" to separate the perturbative part from the nonperturbative physics. The scattering cross sections are written in a convolution of the perturbative hard part and nonperturbative PDFs, which absorb all collinear divergences of the partonic scattering. Using the factorization, the determination of the PDFs are mostly carried out through global QCD analyses, where experimental data are combined with perturbative hard parts.
Direct lattice QCD calculation of the PDFs is desirable to obtain complementary information to the global QCD analysis. However, time-dependent quantities cannot be directly treated on the lattice, and for this reason, it is difficult to calculate the PDFs defined in the light-cone coordinate. Traditional treatment to calculate the PDFs on the lattice is to use its Mellin moments, which is time-independent. By the Mellin transformation, PDFs can be in principle reconstructed from the moments. However, the moments are hard to be accessed except for first few moments due to power-divergent mixing between operators. Recently, quasi-PDFs approach was proposed to overcome the difficulty in calculating the PDFs on the lattice [1] . The quasi-(quark) PDFs are defined by
which is Fourier transform of in a coordinate space nucleon matrix elements with momentum in zdirection, P z . Because the two quark fields in the nonlocal quark bilinear are separated in a purely spatial direction (z-direction), the quasi-PDFs are calculable on the lattice. The quasi-PDFs are related with the light-cone PDFs q(x, µ) by the large momentum effective theory [2] :
where ⊗ represents a convolution with respect to x, and M is a nucleon mass. The Z factor in Eq. (2) can be perturbatively obtained. The similar approaches have been proposed in Refs. [3] [4] [5] [6] . The renormalization of the nonlocal quark bilinear in Eq. (1),
has been perturbatively studied since 1980s [7] [8] [9] [10] [11] . Since the nonlocal operator involves a Wilson line U 3 (x +3δz; x), it intrinsically suffers from ultraviolet (UV) power divergences. Taking the power divergence into account, the renormalization pattern is written as
where δm is the mass renormalization of a test particle moving along the Wilson line, which contains the power divergence. Z ψ,z (δz, µ) removes the remaining logarithmic divergences. The all-order proof of the renormalizability in this pattern has been reported in Refs. [12, 13] . The nonperturbative subtraction method of the power divergence in the nonlocal bilinear has been proposed in Refs. [14] [15] [16] . Recently, the nonperturbative renormalization of this operator using RI/MOM scheme has been demonstrated in Refs. [17] [18] [19] [20] . Lattice QCD formulation respects not all the symmetries possessed in the continuum theory. Lacking some symmetries makes the renormalization pattern different from that in the continuum. Notably, the nonlocal quark bilinear (3) can mix with different Γ on the lattice, which was found in the oneloop lattice perturbative calculation [21] and later also supported by Ref. [19] . In this proceedings, we address the operator mixing from both the lattice perturbation and a view of lattice action symmetry which is a nonperturbative argument. The discussion using the symmetry is also extended to check O(a) operators for the nonlocal quark bilinears [22] .
One-loop perturbative matching between continuum and lattice with Wilson fermion
In this section, we investigate the matching factor for the nonlocal quark bilinear (3) between continuum and lattice using one-loop perturbation theory. In the calculation, we assume the Wilson fermion formalism with a plaquette gluon action. The value of Wilson parameter r is kept unspecified, and Feynman gauge is used for the gauge fixing. In the continuum side, we set three dimensional UV cutoff in the direction perpendicular to z to regulate the UV divergence, for simplicity. The detail of this scheme can be seen in Ref. [15] . The one-loop diagrams we calculate here are shown in Fig. 1 ; from left, vertex-type, sail-type, and tadpole-type diagram. By the lattice perturbation theory, the one-loop amplitude is written in a form:
where A ΓΓ , A ΓΓ , A Γ Γ , and A Γ Γ are one-loop coefficients. The operator O Γ (δz) can mix with O Γ =γ 3 Γ+Γγ 3 (δz), which is the same structure as that originally obtained in Ref. [21] for the cloverWilson fermion. The mixing part is always proportional to r, and thus r = 0 case does not cause the operator mixing [15] , which indicates the mixing is due to lack of chiral symmetry in the Wilson fermion formalism. In the calculation, we also consider the case where the Wilson line is smeared with HYP2 smearing [23] . The one-loop coefficients c(δz, r) in the matching between continuum and lattice,
are calculated for Γ = γ 3 and Γ = 1, and shown in Fig. 2 . In this case, there is a mixing. As we can see, the smearing on the Wilson line makes the operator mixing negligible in the larger δz region.
Symmetry analysis for the operator mixing
The operator mixing pattern seen in the one-loop perturbative calculation can be confirmed at nonperturbative level using action symmetries. The symmetries used here are chiral symmetry (χ) and discrete symmetries: parity (P), time reversal (T ), and charge conjugation (C). For some lattice fermion actions, such as Wilson fermion, the chiral symmetry is explicitly broken. We here summarize the symmetry transformation in Euclidean spaces [24] used in the discussion, where three spatial and Euclidean-time directions are denoted by (x, y, z, t) or (1, 2, 3, 4).
• Parity (P):
In Euclidean spaces, a parity transformation can be defined for any direction. The general parity transformation P µ is
ψ(x)
U µ (x)
where P µ (x) is the vector x with sign flipped except for the µ-direction.
• Time reversal (T ): In Euclidean spaces, a time reversal can be generalized in any direction. The general time reversal
where T µ (x) is the vector x with sign flipped in the µ-direction.
• Charge conjugation (C):
Charge conjugation C transforms particles into antiparticles and it is expressed as
where the charge conjugation matrix C obeys the relation
• Chiral rotation (χ):
Chiral rotation of the fermion fields χ is presented as
where α represents a rotation parameter. With the existence of quark mass m, chiral symmetry in the action is softly broken. The effect of the nonzero quark mass is analyzed by introducing a spurious chiral transformation
so that the quark mass term is invariant under the transformation.
Because the nonlocal quark bilinear
has a specific direction, z, we take this into account in treating Dirac matrices Γ:
where i, j, k 3. The generalized parity and time-reversal operation involve sign flipping of δz, we define a combination:
in other words, even/odd function of δz. The transformation properties for each Γ are presented in Table 1 . When the chiral symmetry is not imposed, mixings, (γ 3± ↔ 1 ∓ ) and ( i jk σ jk± ↔ iγ i γ 5∓ ), are allowed. In a unified way, the mixing can be written as
where G 3 (Γ) is defined to satisfy γ 3 Γγ 3 = G 3 (Γ)Γ. For the local operator case (δz = 0), this kind of mixing does not occur even when the chiral symmetry is not preserved. It is worthy to note that the separation of two quark fields δz acts as "an extra hand" to adjust the symmetry transformation property.
Symmetry analysis for O(a) operators
In this section, we investigate O(a) operators for the nonlocal quark bilinear by the symmetry argument used for the analysis on the operator mixing. We prepare a set of O(a) higher-dimensional operator for O(pa) and O(ma): where α ∈ [3, ⊥] and we introduce shorthand notations:
Due to the same reason as the O(a 0 ) operator, it is convenient to define combinations:
Also, taking into account the charge conjugation property, we further define combinations,
which have the properties,
The transformation property of O(pa) operators under discrete-symmetries and chiral-symmetry transformations are presented in Table 2 . By comparing this with 
are redundant. Notably, there are O(a) contributions even when chiral fermions are employed, which is quite different from the local-operator case.
Summary
In these proceedings, the one-loop perturbative continuum-lattice matching for the nonlocal quark bilinear, which appears in the quasi-PDF approach, was demonstrated with Wilson quark formalism. We have also investigated the operator mixing for a class of nonlocal operator (3) on the lattice using action symmetries: parity, time reversal, charge conjugation, and chiral symmetry. In the discussion, we found that the symmetric and anti-symmetric combination with respect to the separation of quark fields in Eq. (24) makes the symmetry transformation property more visible. Switching between the symmetric and anti-symmetric combination acts as an "extra hand" to adjust the transformation property, and enables the mixing which we cannot see in the local-operator case. The symmetry argument shows that unlike local bilinears, the chiral symmetry is so crucial to prevent the mixing. We also have shown the possible O(a) operators for the nonlocal bilinear by extending the symmetry discussion for the O(a 0 ) operator. The important finding is that a part of the O(a) operators cannot be prohibited from emerging by the chiral symmetry.
In the quasi-PDF method, we have to use large hadron momenta to control higher-twist contamination. The inclusion of high momentum in the numerical simulations is challenging because signal-to-noise ratio gets worse as the momentum becomes larger. This difficulty could be overcome by using the momentum-smearing technique presented in Ref. [25] . However, the large momentum would cause significant lattice discretization errors. To reduce the discretization errors, implementing O(a)-improvement program would be demanded. Determination of the O(a)-improvement coefficients for the nonlocal quark bilinear using the one-loop lattice perturbation, and possibly nonperturbative approach, is to be addressed.
